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Abstract:We complete the theoretical framework required for the construction of a Morse
homology theory for certain types of forced mean curvature flows. The main result of this
paper describes the asymptotic behaviour of these flows as the forcing term tends to infinity
in a certain manner. This result allows the Morse homology to be explicitely calculated,
and will permit us to show in forthcoming work that, for a large family of smooth positive
functions, F , defined over a (d+1)-dimensional flat torus, there exist at least 2d+1 distinct,
locally strictly convex, Alexandrov-embedded hyperspheres of mean curvature prescribed
at every point by F .
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1 - Introdution.
1.1 - Prescribed curvature problems. The problem of constructing hypersurfaces
of constant curvature subject to geometric or topological restrictions is a standard one of
riemannian geometry. The related problem of constructing hypersurfaces whose curvature
is prescribed by some function of the ambient space is essentially complementary, in that a
full understanding of the one generally entails a full understanding of the other. However,
as they are usually more straightforward, prescribed curvature problems often serve as a
better testing ground for the development of new ideas, as will be the case here.
Consider, therefore, the problem of constructing immersed hyperspheres of prescribed
mean curvature inside a (d+1)-dimensional riemannian manifold, M .* It is useful at this
stage to introduce some terminology. Thus, Sd will denote the unit sphere inside Rd+1. A
smooth immersion, e : Sd →M , will be said to be an Alexandrov-embedding whenever
it extends to a smooth immersion, e˜ : B
d+1 → M , where Bd+1 here denotes the closed
unit ball inside Rd+1. Eˆ(M) will denote the set of all smooth Alexandrov-embeddings from
Sd into M , and E(M) will denote its quotient under the action by reparametrisation of
the group of orientation-preserving, smooth diffeomorphisms of Sd. The spaces Eˆ(M) and
E(M) will be furnished respectively with the topology of Ck-convergence for all k, and its
induced quotient topology, making E(M), in particular, into a weakly smooth manifold
(c.f. Appendix A). Finally, an element, [e], of E(M) will be referred to simply as an
Alexandrov-embedding, and will be identified, at times with a representative element,
e, in Eˆ(M), and at times with its image in M .
For the purposes of this paper, we may suppose that the extension of any Alexandrov-
embedding is actually unique up to diffeomorphism.† Thus, for a smooth function, F :
M → R, the functional, F : E(M)→ R, will be defined by
F([e]) := Vol([e])− d
∫
B
d+1
(F ◦ e˜)dVole˜, (1)
where e˜ : B
d+1 → M here denotes the extension of e, and dVole˜ denotes the volume
form that it induces over the closed, unit ball. The integral on the right-hand side will
be viewed as a weighted volume of the interior of e, so that the functional, F , will be
loosely referred to as the “area-minus-volume” functional. The critical points of this
functional are precisely those Alexandrov embedded hyperspheres whose mean curvatures
are prescribed at every point by the function, F ; that is, those elements, [e], of E(M)
such that
He − F ◦ e = 0, (2)
* The convention will be adopted throughout this text that the mean curvature of
an immersed hypersurface is equal to the arithmetic mean of its principal curvatures, as
opposed to their sum.
† Although this would seem to be the case whenever the ambient manifold is not home-
omorphic to a sphere, we know of no such a result in the literature. In the present paper,
we will only be concerned with locally strictly convex Alexandrov-embeddings in flat tori.
Since all such maps lift to embeddings bounding convex sets in Euclidean space (c.f. [2]),
uniqueness of the extension readily follows in this case.
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where He here denotes the mean curvature of the Alexandrov-embedding, e.
The fact that they arise as critical points suggests that Alexandrov-embedded hy-
perspheres of prescribed mean curvature should be amenable to study by differential-
topological techniques, which should then yield information about their number, at least
for generic data. This idea, which is far from new, has already been used by numerous au-
thors to obtain some quite inspiring results in this, and related, settings (c.f., for example
[3], [6], [16], [21], [23] and [24]). Of particular relevance to the current discussion, however,
is our own, relatively straightforward, result, [14], which shows that, under suitable circum-
stances, the number of critical points of F is bounded below by the Euler characteristic of
the ambient space. Although this yields existence in certain cases, we have found it rather
unsatisfactory, as, on the one hand, it provides little new information in the case where the
Euler characteristic of the ambient space vanishes - for example when the ambient space
is 3-dimensional - and, on the other, even when this Euler characteristic does not vanish,
the number of solutions it yields generally falls fall short of what Morse theory would lead
us to expect.
Although Morse homology theory would appear to be the natural approach for obtain-
ing the best possible lower bounds on the number of critical points of the functional, F ,
its development in the current setting has proven to be far from trivial, largely due to the
technical challenges involved in making any progress in the theory of mean curvature flows.
However, the remarkable non-collapsing theorems recently obtained by Ben Andrews et al.
(c.f., for example, [4] and [5]) finally allow the construction of a complete Morse homology
theory, at least in the case where the ambient manifold, M , is a flat, (d+ 1)-dimensional
torus, and where certain further restrictions are also imposed on elements of E(M).
In [19] and [20], we initiated a programme for the study of the Morse homology of the
functional, F . The objective of the current paper is partly to improve on these results, but
mainly to complete the final theoretical step required to complete the construction (c.f.
Theorem 1.3.5, below). The remaining work involved, which, though long and technical,
is essentially formal, will be completed in our forthcoming paper, [10]. There we will
prove the following result, which we already state here in order to clearly illustrate our
motivations.
Theorem 1.1.1, In preparation.
If d ≥ 2 and if T d+1 is a (d + 1)-dimensional torus, then, for generic, smooth functions,
F : T d+1 →]0,∞[, such that
Sup
x∈Td+1,‖ξ‖=1
∣∣D2F (x)(ξ, ξ)∣∣ < (3− 2√2) Inf
x∈Td+1
F (x)3,
there exist at least 2d+1 distinct Alexandrov-embeddings, [e] ∈ E(T d+1), of mean curvature
prescribed at every point by F .
Remark: Here a (d + 1)-dimensional torus is taken to be any quotient of Rd+1 by a
cocompact lattice.
Remark: Intriguingly, Theorem 1.3.1, below, would suggest that the Morse homology
itself exhibits some sort of bifurcation behaviour as the forcing term moves beyond being
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subcritical. However, a deeper understanding of this lies far beyond the scope of the current
paper.
Remark: An analogous result should also hold, with suitably modified conditions on
F , when the ambient space is 2-dimensional, and also when it is a compact, hyperbolic
manifold.
1.2 - Morse homology. In the infinite-dimensional setting, Morse homology alge-
braically encodes the relationship between the moduli spaces of solutions of certain non-
linear parabolic operators, and the moduli spaces of solutions of those elliptic operators
which correspond to their stationary states. However, in order to gain some intuition, it
is worthwhile to first review the finite-dimensional theory (c.f. [17] for a complete and
thorough exposition). Thus, a smooth function, f : M → R, will be said to be of Morse
type whenever every one of its critical points is non-degenerate. It will then be said to
be of Morse-Smale type whenever, in addition, every one of its complete gradient flows is
non-degenerate in the following sense. Recall that a complete gradient flow, γ : R → M ,
of f is, by definition, a zero of the non-linear differential operator
γ 7→ Dtγ +∇f(γ(t)). (3)
The linearisation of this operator about γ, which maps sections of the pull-back bundle,
γ∗TM , to other sections of the same bundle, is given by
ξ 7→ ∇∂tξ +Hess(f)(γ(t))ξ. (4)
The Morse property of f ensures that this operator is always of Fredholm type, and the
function, f , will then be of Morse-Smale type whenever this operator is surjective for all
γ. There is no shortage of functions with this property. Indeed, standard transversality
results show that the set of all such functions is generic, that is, of the second category in
the sense of Baire. This means that it contains the intersection of a countable family of
open, dense subsets of C∞(M), so that, in particular, by the Baire category theorem, it is
dense.
By the Morse property of f , every one of its critical points is isolated, so that the set,
Z, of all its critical points is finite. In particular, for all k, the subset, Zk, of Z, defined
to be the set of critical points of Morse index k, is also finite, where the Morse index of
a critical point is here defined to be the sum of the multiplicities of all strictly negative
eigenvalues of Hess(f) at that point. For all k, the k’th order chain group of the Morse
homology of (M, f) will then be defined by
Ck(M, f) := Z2[Zk].
Equivalently, Ck(M, f) will be the Z2-module of all Z2-valued functions over Zk. In par-
ticular, the sum of the dimensions of the chain groups is equal to the cardinality of the
solution set, Z.
We will denote by W the space of all complete gradient flows of f , furnished with the
topology of Ckloc-convergence for all k. By compactness and the Morse property of f , every
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complete gradient flow, γ, has well-defined end-points, p and q, in the sense that
Lim
t→−∞
γ(t) = p, and
Lim
t→+∞
γ(t) = q.
Furthermore, these end-points are always critical points of f , so that
W = ∪
(p,q)∈Z×Z
Wp,q,
where Wp,q here denotes the space of all complete gradient flows of f starting at p and
ending at q. The Morse-Smale property of f ensures that, for all p, q, Wp,q in fact has the
structure of a smooth manifold of dimension equal to the difference between the respective
Morse indices of p and q. Of particular interest is the case where this difference is equal
to 1, and where the space Wp,q is therefore a one-dimensional manifold. Indeed, since the
differential operator (3) defining elements of Wp,q is homogeneous in time, the additive
group, R, acts on this space by translation of the time variable, yielding a quotient space
which happens to be a compact, zero-dimensional manifold: that is, a finite set of points.
The cardinality of this set will then be used to define the boundary operator of the chain
complex of (M, f). Indeed, for all p ∈ Zk,
∂kp :=
∑
q∈Zk−1
[#Wp,q/R] q.
The first main theorem of Morse homology theory states that, for all k, the composi-
tion, ∂k−1 ◦∂k, vanishes. It follows that the chain complex, (C∗(M), ∂∗), has a well-defined
homology,
H∗(M, f) := Ker(∂∗)/Im(∂∗+1),
and this will be called the Morse homology of (M, f). The second and third main
theorems of Morse homology theory then state respectively that the Morse homology is,
up to isomorphism, independent of the Morse-Smale function used, and, furthermore, that
it is in fact isomorphic to the singular homology of the ambient space, M . Significantly,
since the sum of the dimensions of the homology groups yields a lower bound for the sum
of the dimensions of the chain groups, it also yields a lower bound for the cardinality of the
solution set, Z. In this manner, it is shown that the number of critical points of a generic
function, f , is bounded below by the sum of the Betti numbers of the ambient manifold,
which is one of the main results of Morse theory.
1.3 - Eternal forced mean curvature flows. Given a riemannian manifold, M , and
a smooth, positive function, F : M →]0,∞[, an eternal forced mean curvature flow
with forcing term F will be a strongly smooth* curve [et] : R→ E(M) such that
〈∂tet, Nt〉+Ht − F ◦ et = 0, (5)
* c.f. Appendix A for terminology.
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where Nt is the outward-pointing, unit, normal vector field of the embedding, et, and Ht
is its mean curvature. The eternal forced mean curvature flows with forcing term F are
precisely the L2-gradient flows of the “area-minus-volume” functional, F , introduced in
Section 1.1. Thus, bearing in mind the discussion of the preceding section, a Morse homol-
ogy theory for the pair (E(M),F) should follow once the appropriate properties of eternal
forced mean curvature flows have been established. The objective of the current paper will
be to obtain precisely these properties in the case where M is a (d+1)-dimensional torus,
T d+1.† We will first refine what has already been proven in [19] and [20], before stating the
new results which complete the theoretical side of the construction. Observe, in particular,
that it will be sufficient to obtain results for solutions of the parabolic problem, that is,
for eternal forced mean curvature flows, since solutions of the elliptic problem, that is,
Alexandrov-embedded hyperspheres of prescribed curvature, arise as special cases of the
former, being merely those forced mean curvature flows which are constant.
It will first be necessary to introduce geometric restrictions. Thus, for all λ ≥ 1,
the subspace Eλ(T d+1) of E(T d+1) will be identified as follows. First, an embedding, [e],
will be said to be locally strictly convex (or LSC) whenever every one of its principal
curvatures is strictly positive. An LSC Alexandrov-embedding, [e], will then be said to be
pointwise λ-pinched whenever it has the property that, for every point x ∈ Sd,
κd(x) ≤ λκ1(x),
where 0 < κ1(x) ≤ κd(x) are, respectively, the least and greatest principal curvatures of the
Alexandrov-embedding, e, at the point x. Next recall that any LSC Alexendrov-embedding
in Rd+1 is actually the boundary of some open, convex set (c.f. [2]). A pointwise λ-pinched
Alexandrov-embedding, [e], in Rd+1 will then be said to be λ-non-collapsed whenever it has
the property that for all x ∈ Sd, the Euclidean hypersphere of curvature λκ1(x) which is
an interior tangent to [e] at the point x is entirely contained within the closed set bounded
by [e].* A pointwise λ-pinched Alexandrov-embedding, [e], in T d+1 is then said to be
λ-non-collapsed whenever its lift to Rd+1 has this property. Finally, for all λ ≥ 1, the
subspace Eλ(T d+1) of E(T d+1) will be defined to be the set of all Alexandrov-embeddings,
[e], which are LSC, pointwise λ-pinched, and λ-non-collapsed.
Consider now the rational function φ : [1,∞[→ [0,∞[ given by
φ(t) :=
(t− 1)
t(t+ 1)
. (6)
Observe that this function tends to 0 at 1 and +∞ and has a unique maximum, equal to
† Throughout this text, a (d+ 1)-dimensional torus will be taken to be any quotient of
R
d+1 by a cocompact lattice.
* We alert the reader to the fact that our notion of non-collapsedness compares the
curvature of the Euclidean hypersphere to the least principal curvature of the Alexandrov-
embedding. Although this may be at first surprising, it makes goods sense, since pointwise
λ-pinching ensures that the curvature of the Euclidean hypersphere is actually no less than
the greatest principal curvature of the Alexandrov-embedding.
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(3− 2√2), at the point (1 +√2). There therefore exist two smooth inverses,
λ : [0, (3− 2
√
2)[→ [1, 1 +
√
2[, and
Λ : [0, (3− 2
√
2)[→]1 +
√
2,+∞].
The forcing term, F , will be said to be sub-critical whenever it is strictly positive, and
Sup
x∈Td+1,‖ξ‖=1
∣∣D2(F )(x)(ξ, ξ)∣∣ ≤ (3− 2√2) Inf
x∈Td+1
F (x)3. (7)
In this case, the constants λF < ΛF will be defined by
λF := λ
(
Sup
x∈Td+1,‖ξ‖=1
∣∣D2(F )(x)(ξ, ξ)∣∣/ Inf
x∈Td+1
F (x)3
)
, and
ΛF := Λ
(
Sup
x∈Td+1,‖ξ‖=1
∣∣D2(F )(x)(ξ, ξ)∣∣/ Inf
x∈Td+1
F (x)3
)
,
(8)
and for subcritical F , the subspace EF (T d+1) will be defined by
EF (T d+1) := EΛF (T d+1). (9)
Embeddings in EF (T d+1) will be called admissable. Likewise, a forced mean curvature
flow, [et], with forcing term, F , will be said to be admissable whenever [et] is admissable
for all t. Morse homology will be constructed for the pair (EF (T d+1),F).
Significantly, the space, EF (T d+1), of admissable Alexandrov-embeddings is actually
a closed subset of E(T d+1). However, it is of fundamental importance in any differential
topology theory that the space of admissable elements be open. Indeed, otherwise, the
perturbative stages of the construction would cease to function. This problem of openness
is typically addressed indirectly in the statement of the compactness result, which is the
case in our earlier work, [19], where we prove compactness for families of eternal forced
mean curvature flows, and where the rather restrictive conditions imposed actually serve to
ensure that all limits remain within a given open set. The greater generality of the present
setting is obtained via the following result, where the problem of openness is addressed via
an adaptation of Ben Andrews’ non-collapsing theorem. Indeed, even though the subset,
EF (T d+1), is not open, for subcritical F , the Morse homology of (EF (T d+1),F) lies strictly
in its interior, and is, in particular, separated from the rest of the Morse homology of
(E(T d+1),F). An eternal forced mean curvature flow [et] : R→ E(T d+1) will be said to be
of bounded type whenever
Sup
t
Diam([et]) <∞.
In Section 3, we prove
Theorem 1.3.1, Separation.
If [et] : R → EF (T d+1) is an eternal forced mean curvature flow of bounded type with
sub-critical forcing term F , and if [et] is pointwise ΛF -pinched and ΛF -non-collapsed for
all t, then [et] is pointwise λF -pinched and λF -non-collapsed for all t.
Theorem 1.3.1, justifies the context of all that follows. First, the following compactness
result is obtained via a straightforward blow-up argument (c.f. Section 2.2).
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Theorem 1.3.2, Compactness.
Fix d ≥ 2, and let (Fm) be a sequence of smooth, positive functions over Rd+1 converging
in the Ckloc-sense for all k to the smooth, positive function F∞. Suppose, furthermore, that
0 < Inf
m
Fm,− ≤ Sup
m
Fm,+ <∞.
For all m, let [em,t] : R → E(Rd+1) be an eternal forced mean curvature flow of bounded
type with forcing term Fm. Suppose, furthermore, that there exists λ ≥ 1 such that, for
all m, and for all t, [em,t] is pointwise λ-pinched and λ-non-collapsed. If there exists a
compact subset K ⊆ Rd+1 such that [em,0]∩K 6= ∅ for all m, then there exists an eternal
forced mean curvature flow, [e∞,t], towards which the sequence ([em,t]) subconverges in
the Ckloc-sense for all k. In particular, [e∞,t] is also of bounded type and, for all t, [e∞,t] is
pointwise λ-pinched and λ-non-collapsed.
As in the finite-dimensional case, the functional, F , will be said to be of Morse type
whenever every one of its admissable critical points is non-degenerate. Recalling that
Theorem 1.3.2 also applies to sequences of critical points of F , straightforward differential-
topological arguments now show (c.f., for example, [14] and [23]) that the functional, F ,
has this property for generic F . In this case, it readily follows from Theorem 1.3.2, again,
that eternal forced mean curvature flows always have well-defined end-points.
Theorem 1.3.3, End-points.
If F is of Morse type, and if [et] : R → EF (T d+1) is an admissable eternal forced mean
curvature flow of bounded type, then there exist admissable embeddings, [e±] ∈ EF (T d+1),
of mean curvature prescribed by F such that
Lim
t→−∞
[et] = [e−], and
Lim
t→+∞
[et] = [e+].
However, the main result of this paper actually concerns the asymptotic behaviour of
the Morse homology of (EF (T d+1),F) as F tends to infinity. Indeed, it is this that will
yield an explicit formula for the Morse homology. Consider therefore a smooth function,
f : T d+1 → R, of Morse-Smale type. For all sufficiently small κ > 0, consider the forcing
term
Fκ :=
1
κ
(1− κ2f),
let Fκ denote its “area-minus-volume” functional, and let Eκ(T d+1) denote the space of all
Alexandrov-embedded hyperspheres which are admissable for Fκ, that is
Eκ(T d+1) := EFκ(T d+1).
In [18], building on the work, [25], of Ye, we show (c.f. also [12]),
7
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Theorem 1.3.4, Concentration: elliptic case.
For sufficiently small κ > 0, there exists a strongly smooth map Φ : T d+1 → Eκ(T d+1) such
that for any critical point, p, of f of Morse index k, the point Φ(p) is a non-degenerate
critical point of Fκ of Morse index (k + 1). Furthermore, Fκ has no other critical points
in Eκ(T d+1).
The Morse homology of (Eκ(T d+1),Fκ) is explicitly determined once the corresponding
asymptotic behaviour for eternal forced mean curvature flows has been proven. Thus, given
any two critical points, [e] and [f ], of Fκ,W[e],[f ] will denote the space of admissable forced
mean curvature flows of bounded type with forcing term Fκ, starting at [e] and ending
at [f ]. Next, an eternal forced mean curvature flow, [et] : R → E(T d+1), will be said to
be non-degenerate whenever its linearised mean curvature flow operator is surjective. If
every element ofW[e],[f ] is non-degenerate, and if the functional, Fκ, is of Morse type, then
it follows by standard techniques of Fredholm theory that W[e],[f ] has the structure of a
smooth, finite-dimensional manifold. In Sections 4 and 5, making use of the compactness
result of Theorem 1.3.2, together with the existence of well-defined end-points established
in Theorem 1.3.3, we complement Theorem 1.3.4 by showing
Theorem 1.3.5, Concentration: parabolic case.
For sufficiently small κ > 0, and for every pair of critical points, p and q, of f such that
Index(p)− Index(q) = 1, every element of WΦ(p),Φ(q) is non-degenerate, and there exists a
canonical diffeomorphism
Φˆ :Wp,q →WΦ(p),Φ(q).
In particular, there are no other admissable eternal forced mean curvature flows of bounded
type with forcing term Fκ, starting at Φ(p) and ending at Φ(q).
Remark: This result follows directly from Theorem 4.4.2 and Lemma 5.4.1, below. In
actual fact, in [20], the perturbative part of this result has been shown in the slightly
different context of forced mean curvature flows with constant forcing term inside general
riemannian manifolds.
1.4 - Constructing the Morse homology. It remains to sketch how the results of
Section 1.3 serve to construct the Morse homology of (EF (T d+1),F). First, for a subcritical
forcing term, F , the elliptic solution space, Z, is defined to be the set of all critical
points of F ; that is, the set of all admissable, Alexandrov-embedded hyperspheres of mean
curvature prescribed by F . As indicated above, it follows from the compactness result
of Theorem 1.3.2 that, for generic F , the “area-minus-volume” functional, F , is of Morse
type in the sense that every one of its critical points is non-degenerate. In particular, in
this case, Z consists only of isolated elements, and, by the compactness result of Theorem
1.3.2, again, is finite.
It follows from the spectral theory of second-order, elliptic operators that every ele-
ment, [e], of Z has finite Morse index, defined here to be the sum of the multiplicities of
all the strictly negative eigenvalues of the Jacobi operator of F at e, (c.f. [14] and [23]).
For all integer k, the finite set, Zk, is then defined to be the set of all critical points of F
of Morse index k, and, the k’th order chain group of (EF (T d+1),F) is defined by
Ck(EF (T d+1),F) := Z2[Zk],
8
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so that, in particular, the sum of the dimensions of the chain groups is equal to the
cardinality of the elliptic solution space, Z.
The parabolic solution space, W, is defined to be the space of all admissable,
eternal forced mean curvature flows of bounded type and with forcing term F furnished
with the topology of Ckloc-convergence for all k. By the existence of well-defined end-points
established in Theorem 1.3.3, this space decomposes as
W = ∪
[e],[f ]∈Z×Z
W[e],[f ],
where W[e],[f ] here denotes the subspace of W consisting of those flows which start at [e]
and which end at [f ]. Upon perturbing F in a straightforward manner, we may suppose
that every element of W[e],[f ] is non-degenerate, so that, by the inverse function theorem,
the space, W[e],[f ], carries the structure of a smooth manifold of finite-dimension, which,
by the Atiyah-Patodi-Singer Index Theorem (c.f. [13]), is equal to the difference between
the respective Morse indices of [e] and [f ]. In particular, when this difference is equal
to 1, W[e],[f ] is 1-dimensional, and since the equation, (5), defining elements of W is
homogeneous in time, the additive group, R, acts on this space by translation of the
time variable, yielding a quotient space which, as before, turns out to be a compact, 0-
dimensional manifold: that is, a finite set of points. The cardinality of this set is used
to define the boundary operator of the chain complex of (EF (T d+1),F). Indeed, for all
[e] ∈ Zk,
∂l[e] :=
∑
[f ]∈Cl−1
[
#W[e],[f ]/R
]
[f ].
The key result of Morse homology theory is that the square of the boundary operator
vanishes. The two main components of this result are a compactness theorem modulo
broken trajectories and, conversely, a glueing theorem for broken trajectories. However, a
straightforward combinatorial argument, outlined in [19], shows how compactness modulo
broken trajectories readily follows from the compactness result already obtained in The-
orem 1.3.2. The remaining steps, including the glueing theorem, then follow by general
arguments valid for large families of suitably regular parabolic operators. It is therefore a
straightforward, though highly technical, matter to prove the fundamental relation
∂l−1 ◦ ∂l = 0,
for all l. It follows that the chain complex, C∗(EF (T d+1),F), has a well defined homology,
H∗(EF (T d+1),F) := Ker(∂∗)/Im(∂∗+1),
which we call the Morse homology of (EF (T d+1),F).
Similar arguments then show that, up to isomorphism, the Morse homology is inde-
pendent of the generic, sub-critical function, F , used, and it is then explicitely calculated
by considering the case where F = Fκ, for some Morse-Smale function, f , and for suitably
small κ. Indeed, by Theorem 1.3.4, for all l, and for all sufficiently small κ, there exists a
canonical isomorphism
Φl : Cl(X, f)→ Cl+1(Eκ(T d+1),Fκ).
9
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Furthermore, by Theorem 1.3.5, upon reducing κ further if necessary,
∂l+1 ◦ Φl = Φl−1 ◦ ∂l,
so that Φl quotients down to another isomorphism
Φl : Hl(X, f)→Hl+1(Eκ(T d+1),Fκ).
Since H∗(X, f) is known to be isomorphic to the singular homology of the torus, it then
follows that, for generic, subcritical F ,
Hl(EF (T d+1),F) =
{
Z
(d+1
l−1 )
2 if 1 ≤ l ≤ d+ 2
0 otherwise.
Finally, since the sum of the dimensions of the homology groups yields a lower bound
for the sum of the dimensions of the chain groups, it also yields a lower bound for the
cardinality of the elliptic solution space, Z, so that, for a generic, subcritical forcing term,
F ,
#Z ≥
d+2∑
l=1
(
d+1
l−1
)
= 2d+1,
thus proving Theorem 1.1.1.
1.5 - Acknowledgements. The author is grateful to Matthias Schwarz for having
drawn his attention to the possibility of applying Morse homology theory to curvature
flows. He is also grateful to Harold Rosenberg for having suggested the application of
differential-topological techniques to the study of hypersurface problems. Finally, this
project has been rather long in gestation, and many of the ideas were conceived whilst
the author was benefitting from a Marie Curie postdoctoral fellowship in the Centre de
Recerca Matema`tica, Barcelona.
2 - Compatness and end-points.
2.1 - Geometric bounds. Given a riemannian manifold, M , and a smooth, positive
function F :M →]0,∞[, denote
F− := Inf
x∈M
F (x), and
F+ := Sup
x∈M
F (x).
Consider now the case where the ambient space is (d+ 1)-dimensional Euclidean space.
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Lemma 2.1.1
If [et] : R→ E(Rd+1) is an eternal forced mean curvature flow of bounded type with forcing
term F , then, for all t, [et] contains no Euclidean hypersphere of mean curvature less than
F−.
Proof: Suppose the contrary. Without loss of generality, [e0] contains the Euclidean
hypersphere of mean curvature a < F− about 0. Let [ft] : [0,∞[→ E(Rd+1) be the
forced mean curvature flow with constant forcing term, F−, starting at this hypersphere.
Explicitly,
f(t, x) = ψ−1
(
F 2−t+ ψ
(
1
a
))
x,
where ψ :]1/F−,∞[→ R is given by
ψ(r) := (rF− − 1) + log(rF− − 1).
Since [f0] is contained in [e0], and since F− ≤ F , it follows by the geometric maximum
principle that [ft] is contained in [et] for all t. However, this is not possible, since [et] is of
bounded type, but [ft] is unbounded, and the result follows. 
Lemma 2.1.2
If [et] : R→ E(Rd+1) is an eternal forced mean curvature flow with forcing term, F , then,
for all t, [et] is contained within no Euclidean hypersphere of mean curvature greater than
F+.
Proof: Suppose the contrary. Without loss of generality, [e0] is contained within the
Euclidean hypersphere of curvature a > F+ about 0. Let [ft] : [0, R[→ E(Rd+1) be the
forced mean curvature flow with constant forcing term, F+, starting at this hypersphere.
Explicitely,
f(t, x) = ψ−1
(
F 2+t+ ψ
(
1
a
))
x,
where ψ :]0, 1/F+[→ R is given by
ψ(r) := (rF+ − 1) + log(1− rF+).
Since [f0] contains [e0] and since F+ ≥ F , it follows by the geometric maximum principle
that [ft] contains [et] for all t. However, this is not possible, since [et] exists for all time,
but [ft] extinguishes in finite time, and the result follows. 
Given a constant, c > 0, an LSC embedding, [e] is said to be c-convex whenever its
least principal curvature is at every point bounded below by c.
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Lemma 2.1.3
Let [et] : R → E(Rd+1) be an eternal forced mean curvature flow of bounded type with
forcing term F . If [et] is λ-non-collapsed, then it is also c-convex, where
c =
F−
λ
.
Proof: Indeed, fix t ∈ R and let x ∈ Sd minimise κ1. Since [et] is λ-non-collapsed, the
hypersphere of curvature λκ1(x) which is tangent to [et] at x is contained within [et]. Thus,
by Lemma 2.1.1, λκ1(x) > F−, and the result follows. 
In particular, the Bonnet-Meyer Theorem yields explicit bounds on the diameter of each
[et].
Corollary 2.1.4
With the same hypotheses as in Lemma 2.1.3, for all t,
Diam([et]) ≤
√
λ
F−
π.
2.2 - Compactness. Consider a sequence, (Fm), of smooth, positive functions over
R
d+1 converging in the Ckloc-sense for all k to the smooth, positive function, F∞. Suppose,
furthermore, that
0 < Inf
m
Fm,− ≤ Sup
m
Fm,+ <∞,
where Fm,− and Fm,+ are defined as in the preceding section. For all m, let [em,t] : R →
E(Rd+1) be an eternal forced mean curvature flow of bounded type with forcing term Fm,
and suppose that there exists a compact subset, K, of Rd+1 such that
[em,0]∩K 6= ∅
for all m. Recall first the classical
Lemma 2.2.1, Quasi-maximum lemma.
Let X be a complete metric space. Let φ : X →]0,∞[ be a positive function. For all
x0 ∈ X , for all C > 1, and for all A, α > 0, there exists x in X such that φ(x) ≥ φ(x0),
and
φ(y) ≤ Cφ(x)
for all y ∈ BAφ(x)−α(x), where BAφ(x)−α(x) here denotes the ball of radius Aφ(x)−α about
the point, x.
Proof: Indeed, otherwise, by induction, there exists a sequence, (xm), of points in X such
that, for all m, xm+1 ∈ BAφ(x)−α(xm), and φ(xm+1) > Cφ(xm). By induction again,
for all m, φ(xm) > C
mφ(x), and so d(xm+1, xm) < Aφ(x0)
−αC−mα. Since the series∑∞
m=0C
−mα converges, it follows that (xm) is a Cauchy sequence in X . By completeness,
there therefore exists x∞ in X towards which (xm) converges. However, this is absurd,
since the sequence (φ(xm)) diverges, but φ is continuous. The result follows. 
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Lemma 2.2.2
If d ≥ 2, and if, for some λ ≥ 1, [em,t] is pointwise λ-pinched and λ-non-collapsed for all
m, then there exists B > 0 such that, for all m, and for all (t, x),
κm,d,t(x) ≤ B,
where κm,d,t here denotes the greatest principal curvature of the embedding em,t.
Proof: Suppose the contrary. For all m, let Km : R→ R be the function given by
Km(t) = Sup
x∈Sd
κm,t,d(x),
and consider a sequence (tm), chosen such that (Km(tm)) tends to +∞. By the quasi-
maximum lemma (Lemma 2.2.1), without loss of generality, for allm, and for all |s− tm| <
Km(tm)
−1/2,
Km(s) < 2Km(tm).
For all m, let xm be a point of S
d maximising Kd, and define [e˜m,t] by
e˜m,t(x) := Km(tm)
(
em,(t−tm)/Km(tm)(x)− em,tm(xm)
)
,
so that, for all m, [e˜m,t] is an eternal forced mean curvature flow of bounded type with
forcing term
F˜m,t :=
1
Km(tm)
(Fm(x/Km(tm) + xm)) .
Furthermore, for all m, e˜m(0, xm) = 0, κ˜m,d(0, xm) = 1, and
κ˜m,d(t, x) ≤ 2
for all (t, x) ∈ [−Km(tm)1/2, Km(tm)1/2]× Sd.
For all m, let Xm be the convex subset bounded by the embedded hypersphere [e˜m,0].
Let X∞ be a convex subset towards which (Xm) subconverges in the local Hausdorff
sense. It follows by the above estimates and hypoelliptic regularity that the sequence,
(Xm), actually subconverges towards X∞ in the C
k
loc-sense for all k. In particular, ∂X∞
is convex, pointwise λ-pinched and λ-non-collapsed, and its greatest principal curvature at
the point x∞ is equal to 1. In particular, X∞, is strictly convex, since, otherwise, being
λ-non-collapsed, it would coincide with a half-space and therefore have zero curvature
at every boundary point, which is absurd. Since d ≥ 2, it follows by the result, [7], of
Hamilton that X∞ is compact, and there therefore exists C > 0 such that, after extracting
a subsequence,
Diam([em,tm ]) ≤ C/Km(tm)
for all m. In particular, for sufficiently large m, [em,tm ] is contained within a Euclidean
hypersphere of arbitrarily large curvature. This is absurd by Lemma 2.1.2, and the result
follows. 
This proves the compactness result for eternal forced mean curvature flows.
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Theorem 1.3.2, Compactness
If d ≥ 2, and if, for some λ ≥ 1, [em,t] is pointwise λ-pinched and λ-non-collapsed for
all m, then there exists an eternal forced mean curvature flow, [e∞,t], of bounded type
with forcing term F∞ towards which [em,t] subconverges in the C
k
loc-sense for all k. In
particular, [e∞,t] is also pointwise λ-pinched and λ-non-collapsed.
Proof: By standard arguments from the theory of quasi-linear parabolic PDEs, it suffices
to show that the diameters and principal curvatures of all the spheres ([em,t]) are uniformly
bounded above. The result now follows by Corollary 2.1.4 and Lemma 2.2.2. 
2.3 - End points. Consider now the case where the ambient manifold is a (d + 1)-
dimensional torus. Consider a smooth, positive function, F : T d+1 →]0,∞[ and admissible,
eternal forced mean curvature flows in T d+1 with forcing term F . First recall
Lemma 2.3.1, Unique continuation.
If [et], [ft] : R → E(Td+1) are eternal forced mean curvature flows with forcing term F ,
and if [ft] = [et+δ] for some t and for some δ, then [ft] = [et+δ] for all t.
Proof: This follows by a standard argument using the result, [1], of Agmon & Nirenberg
(c.f. [22] for details). Observe, in particular, that energy-boundedness is not a concern for
us, since the flows considered here are all smooth. 
Denote by F([et]) the set {F([et]) | t ∈ R}.
Lemma 2.3.2
Let [et] : R → E(T d+1) be an admissible, eternal forced mean curvature flow of bounded
type with forcing term F . If [et] is non-constant, then the set F([et]) is an open, bounded
interval.
Proof: Consider the smooth function, φ : R → R, given by φ(t) = F([et]). In particular,
F([et]) = Im(φ). Since φ is continuous, Im(φ) is connected, and is therefore an interval.
Since [et] is an L
2-gradient flow of F , φ′(t) = 0 if and only if [et] is a critical point of F . It
follows by the unique continuation result of Lemma 2.3.1, that if φ′ vanishes at any point,
then [et] is the constant flow sending R to a critical point of F . Since this case is excluded
by hypothesis, φ′ never vanishes, and so Im(φ) is open.
It remains to show that F([et]) is bounded. Suppose, first, that it is not bounded
above. Then there exists a sequence (tm) (converging to −∞) such that (F([etm ])) tends
to infinity. For all m, define
e˜m(t, x) := em(t− tm, x),
so that [e˜m,t] is also an admissable, eternal forced mean curvature flow of bounded type with
forcing term F . By the compactness result of Theorem 1.3.2, there exists an eternal forced
mean curvature flow, [e˜∞,t], also with forcing term F , towards which [e˜m,t] subconverges
in the Ckloc-sense for all k. However,
F∞([e˜∞,0]) = Lim
m→∞
Fm([e˜m,0]) = Lim
m→∞
F([em,tm ]) = +∞,
which is absurd, and it follows that F([et]) is bounded above. In the same manner, F([et])
is shown to be bounded below, and this completes the proof. 
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Lemma 2.3.3
Let [et] : R → E(T d+1) be an admissible, eternal forced mean curvature flow of bounded
type with forcing term F . For any sequence (tm) converging to ±∞, there exists an
admissible critical point, [e∞], of F towards which the sequence ([etm ]) subconverges.
Proof: Observe that the sequence (F([etm ])) converges to one of the two boundary points
of I := F([et]). For all m, define
e˜m(t, x) := em(t− tm, x),
so that [e˜m] is also an admissible, eternal forced mean curvature flow of bounded type with
forcing term F . By the compactness result of Theorem 1.3.2, there exists an admissible,
eternal forced mean curvature flow, [e˜∞,t], also with forcing term F , towards which [e˜m]
subconverges in the Ckloc-sense for all k. However, F([e˜∞,t]) ⊆ I, but
F([e˜∞,0]) = Lim
m→∞
F([e˜m,0]) = Lim
m→∞
F([e˜m,tm ]) ∈ ∂I,
so that F([e˜∞]) cannot be open. It follows by Lemma 2.3.2, that [e˜∞,t] is a constant flow
mapping R to a critical point of F . In particular, the sequence, ([etm ]), subconverges to
[e˜∞,0], and the result follows. 
The A- and Ω- limit sets of the flow [et] are defined by
A([et]) := ∩
t∈R
{[es] | s ≤ t}, and
Ω([et]) := ∩
t∈R
{[es] | s ≥ t}.
By Lemma 2.3.3, these sets are both non-empty and consist only of admissible critical
points of F . Furthermore, being intersections of nested families of connected sets, they are
also both connected.
As indicated in the introduction, since admissable critical points of F are, in particular,
constant eternal forced mean curvature flows, the compactness result of Theorem 1.3.2 also
applies to these objects. Standard differential-topological arguments then show (c.f., for
example, [14]) that, for a generic choice of the density, F , the functional, F , is of Morse
type in the sense that all of its admissible critical points are non-degenerate. In particular,
in this case, by connectedness, the A- and Ω- limit sets of any admissable, eternal forced
mean curvature flow, [et], of bounded type and with forcing term F each consist of single
points. These points will henceforth be referred to as the end-points of [et] at plus- and
minus- infinity. The results of this section are thus summarised by
Theorem 1.3.3, End-points.
If F is of Morse type, and if [et] is an admissible, forced mean curvature flow of bounded
type with forcing term, F , then there exist admissable critical points, [e±], of F such that
Lim
t→−∞
[et] = [e−], and
Lim
t→+∞
[et] = [e+].
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3 - Admissability.
3.1 - Pinching. Consider an Alexandrov embedding, e : Sd → Rd+1. Denote its shape
operator by A, and let the subscript “;” denote covariant differentiation with respect to the
Levi-Civita convariant derivative that it induces over Sd. Recall the generalised Simons’
formula.
Lemma 3.1.1, Generalised Simons’ formula.
For all p, q,
App;qq = Aqq;pp +A
2
ppAqq − AppA2qq.
Proof: Indeed, by the Codazzi-Mainardi equations, Aij;k is symmetric under all permu-
tations of the indices. Thus, recalling the definition of curvature,
Aij;kl = Akj;il
= Akj;li −RlikpApj −RlijpAkp
= Alk;ji +Rilk
pApj +Rilj
pAkp,
where R here denotes the Riemann curvature tensor of the metric induced over Sd by the
Alexandrov embedding, e. In particular, by Gauss’ equation,
Rijkl = AilAjk −AikAjl,
so that
Aij;kl = Alk;ji + A
2
ijAlk − AlkA2lj + A2ikAlj − AijA2lk,
and the result now follows upon substituting i = j = p and k = l = q. 
Let 0 < κ1 ≤ ... ≤ κd be the principal curvatures of e. Ideally, the maximum principle
would be applied to these functions. However, this would require that they be at least
twice differentiable, and since they are, at best, only Lipschitz continuous, they will be
smoothed out as follows. Fix a point (t, x) ∈ R× Sd, and let ξ1, ..., ξd be an orthonormal
basis of principal directions of et at x corresponding to the principal curvatures κ1, ..., κd
respectively. Extend this basis to an orthonormal frame defined in a neighbourhood of
(t, x) which is parallel along Sd at x, and define the smooth functions a1, ..., ad in this
neighbourhood by ak := 〈Atξk, ξk〉, where At is the shape operator of the embedding et.
Lemma 3.1.2
At the point (t, x), for all k,(
∂t − 1
d
∆
)
ak = DF (Nt)ak − a2kF −D2F (ξk, ξk) +
1
d
akTr(A
2).
Proof: Let e : R× Sd → Rd+1 be a representative of the flow, [et], chosen such that
∂tet = (Ht − F ◦ et)Nt.
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For fixed vectors, X and Y , tangent to Sd,
∂t(e
∗g)(X, Y ) = ∂t〈e∗X, e∗Y 〉
= 〈∇∂te∗X, e∗Y 〉+ 〈e∗X,∇∂te∗Y 〉
= 〈∇Xe∗∂t, e∗Y 〉+ 〈e∗X,∇Y e∗∂t〉
= 2(Ht − F ◦ et)〈AtX, Y 〉.
Since e∗g(ξk, ξk) is constant, ∂t((e
∗g)(ξk, ξk)) = 0, and so
e∗g(∂tξk, ξk) = (Ht − F ◦ et)〈Atξk, ξk〉,
and combining these relations yields
∂tak = 〈(∂tA)ξk, ξk〉.
However, as is well known (c.f. [9]),
∂tA = −A2t (F ◦ et −Ht)−Hess(F ◦ et −Ht),
where Hess here denotes the Hessian of functions defined over Sd, so that
∂tak = −a2k(F ◦ et −Ht)− Hess(F ◦ et)(ξk, ξk) + Hess(Ht)(ξk, ξk).
Furthermore,
Hess(F ◦ et)(ξk, ξk) = D2F (ξk, ξk)−DF (Nt)ak,
and, by the generalised Simons formula,
Hess(Ht)(ξk, ξk) =
1
d
d∑
i=1
Aii;kk
=
1
d
d∑
i=1
(
Akk;ii +A
2
iiAkk − A2kkAii
)
=
1
d
∆ak +
1
d
akTr(A
2
t )− a2kHt.
The result follows upon combining these relations. 
Lemma 3.1.3
Let λ ≥ 1, c > 0 be such that
(λ− 1)λ
λ+ 1
>
‖D2F‖L∞
c2F−
.
17
Eternal forced mean curvature flows III - Morse homology
If [et] is c-convex for all t ≥ 0, and if [e0] is pointwise λ-pinched, then [et] is pointwise
strictly λ-pinched for all t > 0.
Proof: Consider the function φ : R→ R given by
φ(t) := Supx∈Sd
κd(t, x)
κ1(t, x)
.
Since this function is Lipschitz continuous, it is almost everywhere differentiable, its deriva-
tive is locally L1, and it is equal to the integral of its derivative. Let φ be differentiable at
the point t, and suppose, without loss of generality, that φ(t) = λ. Let x ∈ Sd maximise
κd/κ1 and let the functions a1 and ad be defined near (t, x) as above. In particular, ad/a1
is smooth, ad/a1 ≤ φ and ad(t, x)/a1(t, x) = φ(t), so that, at the point (t, x),
∂tlog(ad)− ∂tlog(a1) = ∂tlog(φ),
∇log(ad)−∇log(a1) = 0, and
∆log(ad)−∆log(a1) ≤ 0.
Thus, by Lemma 3.1.2,
∂tlog(φ) = ∂tlog(ad)− ∂tlog(a1)
≤ (a1 − ad)F + 1
a1
D2F (e1, e1)− 1
ad
D2F (ed, ed)
≤ a1(1− λ)F +
(
1 +
1
λ
)
1
a1
‖D2F‖.
Since a1 ≥ c, it follows by hypothesis that this is strictly negative, and this completes the
proof. 
This result also yields a straightforward Hopf-type theorem for eternal forced mean
curvature flows.
Theorem 3.1.4, Hopf Theorem for flows.
Let [et] : R → E(Rd+1) be an eternal forced mean curvature flow of bounded type with
constant forcing term 1. If there exists λ ≥ 1 such that [et] is pointwise λ-pinched and
λ-non-collapsed for all t, then, up to translation, [et], is the constant flow given by
et(x) = x.
Proof: Let λ0 be the least value in [1,∞[ for which [et] is pointwise λ0-pinched. We claim
that λ0 = 1. Indeed, otherwise, via a compactness argument based on Theorem 1.3.2, we
may suppose that there exists a point (t, x) ∈ R × Sd such that et is λ0-pinched at the
point x, which is absurd by Lemma 3.1.3. It follows that, for all t, [et] is totally umbilic
at every point, and is therefore a Euclidean hypersphere. Finally, since the flow, [et], is of
bounded type, and since it exists for all time, the result now follows by Lemmas 2.1.1 and
2.1.2. 
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3.2 - Non-collapsing. The following result is an adaptation of the non-collapsing
argument, [4], of Ben Andrews.
Lemma 3.2.1
Let [et] be an eternal forced mean curvature flow with forcing term, f . Let λ ≥ 1, c > 0
be such that
(λ− 1)λ
(λ+ 1)
>
‖D2F‖L∞
c2F−
.
If [et] is c-convex and pointwise strictly λ-pinched for all t ≥ 0, and if [e0] is λ-non-collapsed,
then [et] is strictly λ-non-collapsed for all t > 0.
Remark: An analogous result also holds for spheres containing [e0]. This in turn can
be used to provide a more direct proof of a-priori upper bounds of the sort obtained in
Lemma 2.2.2. However, since the estimates obtainable by this means are actually weaker,
we shall not discuss this further here.
Proof: For a continuous function, Φ :]− ǫ, ǫ[×Sd → R, consider the function, Z : R×Sd×
Sd → R, given by
Z(t, x, y) := Φ(t, x)‖x− y‖2 + 2〈y − x,Nt(x)〉,
where the points x and y are here identified with their respective images under the embed-
ding et. Observe that [et] contains the Euclidean hypersphere of curvature Φ(t, x) which
is tangent to [et] at the point e(t, x) whenever Z(t, x, y) ≥ 0 for all y ∈ Sd. Suppose
therefore that Z attains a minimum of 0 at the point y 6= x, and that Φ is smooth in a
neighbourhood of (t, x). Let R be the reflection orthogonal to y − x which sends x to y.
Straightforward geometric arguments yield
RN(x) = N(y).
Let ∂x1, ..., ∂xd be an orthonormal basis of TS
d at x and let ∂y1, ..., ∂yd be its image under
the action of R. That is, for all k,
R∂xk = ∂yk.
Observe that ∂y1, ..., ∂yk is also an orthonormal basis of TS
d at y. Extend both (∂xk) and
(∂yk) to frames defined in neighbourhoods of x and y respectively which are parallel along
all geodesics in Sd leaving these points. Consider now the operator
∆D :=
d∑
k=1
(∂xk + ∂yk)
2.
The result will follow from the positivity of(
∂t − 1
d
∆D
)
Z,
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for a suitable choice of the function Φ. Indeed, first, we have
D∂xi+∂yi(y − x) = ∂yi − ∂xi,
1
d
∆D(y − x) = HxNx −HyNy,
∂t(y − x) = (Fy −Hy)Ny − (Fx −Hx)Nx,(
∂t − 1
d
∆D
)
(y − x) = FyNy − FxNx.
Likewise,
D∂xi+∂yiNx = Ai(∂xi)
1
d
∆DNx = ∇ΣH − 1
d
Tr(A2)Nx,
∂tNx = −∇Σ(F −H),(
∂
∂t
− 1
d
∆D
)
(y − x) = −∇ΣF + 1
d
Tr(A2)Nx,
so that
(
∂t − 1
d
∆D
)
Z =
[(
∂t − 1
d
∆D
)
Φ
]
‖y − x‖2 − 4
d
d∑
i=1
(∂xiΦ)〈y − x, ∂yi − ∂xi〉
+ 2Φ〈FyNy − FxNx, y − x〉 − 2
d
Φ
d∑
i=1
‖∂yi − ∂xi‖2
+ 2〈FyNy − FxNx, Nx〉+ 2
〈
y − x,−∇ΣF + 1
d
Tr(A2)Nx
〉
− 4
d
d∑
i=1
〈∂yi − ∂xi, Ax(∂xi)〉.
However, since (x, y) minimises Z,
(∂xiΦ)‖y − x‖2 − 2Φ〈y − x, ∂xi〉+ 2〈y − x, ∂xi〉κi = 0,
so that
〈∂xi, y − x〉 = (∂xiΦ)‖y − x‖
2
2(Φ− κi) ,
〈∂yi, y − x〉 = −(∂xiΦ)‖y − x‖
2
2(Φ− κi) ,
〈∂yi − ∂xi, y − x〉 = −(∂xiΦ)‖y − x‖
2
(Φ− κi) ,
‖∂yi∂xi‖2 = (∂xiΦ)
2‖y − x‖2
(Φ− κi)2 ,
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and combining these relations yields
(
∂t − 1
d
∆D
)
Z = ‖y − x‖2
[(
∂t − 1
d
∆
)
Φ+
2
d
d∑
i=1
(∂xiΦ)
2
(Φ− κi)
+ Φ2F − 1
d
ΦTr(A2)− Φ∂NF
]
+ 2 (Fy − Fx − 〈y − x,∇F 〉) .
In particular, if Φ := λa1, where a1 is defined as in Section 3.1, then, by Lemma 3.1.2,(
∂t − 1
d
∆D
)
Z > ‖y − x‖2 (λ(λ− 1)κ21F − (λ+ 1)‖D2F‖) > 0,
as desired. 
It follows that admissable eternal forced mean curvature flows of bounded type are con-
tained entirely within EλF .
Theorem 1.3.1, Separation.
Let [et] : R → E(T d+1) be an eternal forced mean curvature flow of bounded type with
forcing term F . If [et] is pointwise ΛF -pinched and ΛF -non-collapsed for all t, then it is
pointwise λF -pinched and λF -non-collapsed for all t.
Proof: Let λ0 be the least value in [0,ΛF ] for which [et] is pointwise λ0-pinched and
λ0-non-collapsed, and suppose that λ0 ∈]λF ,ΛF [. Via a compactness argument based on
Theorem 1.3.2, we may suppose that there exists a point (t, x) ∈ R×Sd such that either et
is λ0-pinched at x or et is λ0-non-collapsed at x. However, by Lemma 2.1.3, [et] is c-convex
for all t, where c := F−/λ
2
0. Furthermore, since F is subcritical, and since λF < λ0 < ΛF ,
it follows that the hypotheses of Lemmas 3.1.3 and 3.2.1 are both satisfied. This yields a
contradiction, and the result follows. 
4 - Singular perturbation.
4.1 - Asymptotic series. Recall that the main objective of this text is the proof
of Theorem 1.3.5, which describes the asymptotic behaviour of families of admissable,
eternal forced mean curvature flows of bounded type as the forcing term tends to infinity
in a certain manner. The first step of this proof involves a presentation of the construction
of [20], adapted to the case where the ambient manifold is a (d + 1)-dimensional torus.
Throughout this and the following section, extensive use will be made of the straightforward
fact that the operation of composition by a given smooth function defines smooth maps
between Ho¨lder spaces which send bounded sets to bounded sets.
At this stage, various rather technical definitions will be required. First, given a
smooth function, φ : Sd →]− 1,∞[, denote
φˆ(x) := (1 + φ(x))x,
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so that φˆ is simply the natural parametrisation of the graph of φ over Sd. In order to
define the functionals of interest to us, it will be useful to introduce the terminology of jet
spaces.* For all k, JkSd will denote the bundle of k-jets of real-valued functions over Sd.
The function H : J2Sd → R will be defined such that, for all φ, and for all x, H(J2φ(x))
will be the mean curvature of the embedding, φˆ, at the point, x. Likewise, the function
N : J1Sd → Sd will be defined such that, for all φ, and for all x, N(J1φ(x)) will be the
outward-pointing, unit, normal vector of the embedding, φˆ, at the point, x. H and N will
be both smooth (in fact, analytic) functions defined over the finite-dimensional manifolds,
J2Sd and J1Sd, respectively. Furthermore, the Taylor series of H about 0 will be (c.f. [20]
and [25])
H(J2φ) = 1− 1
d
(d+∆)φ+
∞∑
m=2
Pm(J
2
xφ), (10)
where, for all m, Pm is a homogeneous polynomial of order m. Likewise, the Taylor series
of N about 0 will be (c.f. [20] and [25])
N(J1φ) = x
(
1 +
∞∑
m=2
P1,m(J
1
xφ)
)
+
(
−∇φ+
∞∑
m=2
P2,m(J
1
xφ)
)
, (11)
where, for all m, P1,m and P2,m are homogeneous polynomials of order m.
Now consider a smooth function, f : T d+1 → R, of Morse-Smale type, and let γ :
R → T d+1 be one of its complete gradient flows (c.f. Section 1.2). For κ > 0 and for
smooth functions, X : R → Rd+1 and φ : R × Sd →] − 1/κ,∞[, the smooth function,
Φ(κ,X, φ) : R× Sd → T d+1, will be defined such that
Φ(κ,X, φ)(t, x) := γ(t) + κX(t) + κ(1 + κ2φ(t, x))x, (12)
so that, heuristically, Φ(κ,X, φ) will be a smooth family of embedded spheres each of
radius approximately κ, with centres moving along γ, though displaced slightly by the
vector field, κX .
For all κ > 0, the forcing term, Fκ : T
d+1 → R, will be defined by
Fκ :=
1
κ
(1− κ2f).
We now study the conditions to be satisfied by the triplet (κ,X, φ) in order for the family
Φ(κ,X, φ) to define an eternal forced mean curvature flow with forcing term, Fκ. We
require a further extension of our terminology of jet spaces. Thus, for all k, Jk(R,Rd+1)
* Consider a finite-dimensional manifold, M , and given k > 0 and a point, p ∈ M ,
consider the equivalence relation, ∼k,p, defined over C∞(M) such that f ∼k,p g if and only
if they coincide up to order k at the point p. The space JkE of k-jets of functions over M
is defined to be the bundle of all equivalence classes of ∼k,p in C∞(M) as p ranges over all
points of M . Thus, J0M is simply the trivial bundle R×M , J1M is the fibrewise product
of J0M with T ∗M , and so on.
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will denote the bundle of k-jets of smooth Rd+1-valued functions over R. For all k, and for
any smooth function, ψ : R× Sd → R, Jkinψ will denote the inhomogeneous jet consisting
of all derivatives of ψ of order i in x and order j in t for all i + 2j ≤ 2k. For all k,
Jkin(R × Sd) will denote the bundle of inhomogeneous k-jets of real-valued functions over
R × Sd. Observe that Jkin(R × Sd) is also a bundle over R, and, for all k, Jk will denote
its fibrewise product over R with Jk(R,Rd+1). In other words, a typical element of Jk
will have the form (JkX(t), Jkinφ(t, x)), for some smooth functions, X : R → Rd+1 and
φ : R× Sd → R, and for some point (t, x) ∈ R× Sd.
The function Ψ :]0,∞[×J1 → R will be defined such that, for all κ ∈]0,∞[, for all
smooth functions, X : R→ Rd+1 and φ : R× Sd → R, and for any point (t, x) ∈ R× Sd,
Ψ(κ, J1X(t), J1inφ(t, x)) := κ
2〈DtΦ(κ,X, φ)(t, x), N(κ2J1xφ(t, x))〉+
1
κ
H(κ2J2xφ(t, x))− Fκ(Φ(κ,X, φ)(t, x)),
(13)
where J1xφ and J
2
xφ here denote respectively the first and second order jets of derivatives
of φ in the x direction. As with H and N , Ψ will be a smooth function defined over
the finite-dimensional manifold, ]0,∞[×J1. By (5), we see that this function has been
constructed precisely in order that, given κ > 0, and smooth functions, X : R → Rd+1
and φ : R× Sd → R, the family Φ(κ,X, φ) is an eternal forced mean curvature flow with
forcing term, Fκ, if and only if Ψ(κ, J
1X(t), J1inφ(t, x)) vanishes for all (t, x) ∈ R× Sd.
Solutions of the forced mean curvature flow equation will now be obtained in the
standard manner by first constructing formal solutions which are then perturbed to exact
solutions via the inverse function theorem. To this end, the following terminology of
asymptotic series will also prove useful. Consider an arbitrary, finite-dimensional vector
bundle, E, over some base, B. Given a smooth function, φ :]0,∞[×E → R, and a sequence,
(φi), of smooth functions where, for all i, φi : E
⊗i → R, and a formal power series,
ξ(κ, x) ∼∑∞i=0 κiξi(x), taking values in E, the expression
φ(κ, ξ) ∼
∞∑
i=0
κiφi(ξ0,x, ..., ξi,x) (14)
will mean that, for all m ≥ 0, there exists a smooth function, Rm : [0,∞[×E⊗m → R,
such that
φ
(
κ,
m∑
i=0
κiξi(x)
)
=
m∑
i=0
κiφi (ξ0(x), ..., ξi(x)) + κ
m+1Rm(κ, ξ0(x), ..., ξm(x)).
The series
∑∞
i=0 κ
iφi will be called the asymptotic series of the function, φ. It will be of
fundamental importance here that the remainder term, Rm, be smooth at the point t = 0.
Indeed, otherwise, this relation would be trivially satisfied for any pair of sequences, (φi)
and (ξi), making it of little use to us.
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Lemma 4.1.1
There exists a sequence, (Ψi), of functions, which are polynomials in all but the first
variable, such that, for all formal series, X ∼∑∞i=0 κiXi and φ ∼∑∞i=0 κiφi,
Ψ(κ,X, φ) ∼− 1
2
κ3Hess(f)(γ(t))(X0, X0)− 1
2
κ3Hess(f)(γ(t))(x, x)
+ κ
∞∑
i=0
κi
[
〈DtXi−2 −Hess(f)(γ(t))Xi−2, x〉
+
(
κ4Dt − 1
d
(d+∆)
)
φi
+ 〈∇f(γ(t)), Xi−1〉+Hess(f)(γ(t))(Xi−2, X0)
+ Ψm(γ,Dtγ, x, J
1
tX0, ..., J
1
tXi−3,
κ4Dtφ0, ..., κ
4Dtφi−2, J
2
xφ0, ..., J
2
xφi−2)
]
,
(15)
where, by convention, Xi and φi are taken to be equal to 0 for i negative. Furthermore,
Ψ0 = f(γ(t)), and
Ψ1 = 0.
Proof: By (10), there exists a sequence, (Hi), of polynomials such that
H(κ2J2xφ) ∼ 1− κ2
∞∑
i=0
1
d
(d+∆)κiφi + κ
4
∞∑
i=0
κiHi(J
2
xφ0, ..., J
2
xφi).
Likewise, by (11), there exist sequences, (N1,i) and (N2,i), of polynomials such that
N(x, κ2J1xψ) = x(1 +N1(J
2
xψ)) + κ
2N2(J
1
xψ),
where
N1(κ
2J1xψ) ∼ κ4
∞∑
i=0
κiN1,i(J
1
xψ0, ..., J
1
xψi), and
N2(κ
2J1xψ) ∼ −
∞∑
i=0
κi∇ψi + κ2
∞∑
i=0
κiN2,i(J
1
xψ0, ..., J
1
xψi).
Finally, by Taylor’s theorem, there exists a sequence, (Fi), of functions, which are polyno-
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mials in all but the first variable, such that
Fκ(Φ(κ,X, φ)) ∼ 1
κ
− κf(γ(t))− κ2〈∇f(γ(t)), x〉
− κ2
∞∑
i=0
κi〈∇f(γ(t)), Xi〉
− 1
2
κ3〈Hess(f)(γ(t))x, x〉 − 1
2
κ3
∞∑
i,j=0
κi+j〈Hess(f)(γ(t))Xi, Xj〉
− κ3
∞∑
i=0
κi〈Hess(f)(γ(t))Xi, x〉
+ κ4
∞∑
i=0
Fi(γ(t), x, J
0
tX0, ..., J
0
tXi, J
0
xφ0, ..., J
0
xφi).
The result now follows upon combining these relations with the definitions (12) and (13)
of Φ and Ψ respectively. 
4.2 - Spherical harmonics and formal solutions. Consider the standard Laplace-
Beltrami operator, ∆, of functions over Sd. For all integer m ≥ 0, the vector space, Hm :=
Hm(Sd), of eigenfunctions of ∆ with eigenvaluem(m+d−1) will be referred to as the space
of m’th order, d-dimensional spherical harmonics. Since every eigenfunction of ∆ is a
spherical harmonic of some order, the spherical harmonics together form an orthonormal
basis of L2(Sd). For all m, every m’th order spherical harmonic is the restriction to Sd of
a unique homogeneous, harmonic polynomial of degree m. Conversely, the restriction to
Sd of any polynomial of degree m decomposes uniquely as a sum of spherical harmonics of
orders at most m. In addition, if this polynomial is even (resp. odd), then every non-trivial
component of this decomposition has even (resp. odd) order.
The mean curvature flow equation, Ψ(κ, J1X(t), J1inφ(t, x)) = 0, introduced in the
previous section, exhibits two distinct asymptotic behaviours as the parameter, κ, tends
to 0. This will be resolved by rescaling the space, H1, of first-order spherical harmonics,
as the parameter, κ, tends to 0 (c.f. Section 4.4, below). To this end, we will denote
Hˆ := ⊕m 6=1Hm,
and Π : L2(Sd) → H1 and Π⊥ : L2(Sd) → Hˆ will denote the orthogonal projections. In
like manner, for all k, we will denote
Hˆk := ⊕m 6=1,m≤kHm.
In addition, C∞bdd(R × Sd) will denote the space of smooth functions, f : R × Sd → R,
whose derivatives to all orders are bounded, and Cˆ∞bdd(R × Sd) will denote the subspace
consisting of those functions, f : R× Sd → R, such that, for all t,
Π(f(t, ·)) = 0.
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Similarly, for any finite-dimensional vector space, E, C∞bdd(R, E) will denote the space of
smooth functions, f : R → E, whose derivatives to all orders are bounded. In particular,
for all k 6= 1, C∞bdd(R, Hˆk) canonically identifies with a subspace of Cˆ∞bdd(R× Sd).
Consider now the operators that arise in the asymptotic series, (15), of Ψ. First, the
operator, L : C∞bdd(R,R
d+1)→ C∞bdd(R,Rd+1), is defined by
L := Dt +Hess(f)(γ(t)). (16)
Since f is of Morse type, this operator is of Fredholm type with Fredholm index equal to
the difference of the Morse indices of its end-points (c.f. [17]). Furthermore, elements of
its kernel decay exponentially at ±∞, so that the L2-orthogonal complement of this kernel
in C∞bdd(R,R
d+1) is well-defined. Finally, since f is of Morse-Smale type, this operator
is surjective, and therefore has a unique left-inverse, K, which sends C∞bdd(R,R
d+1) into
Ker(L)⊥.
Next, for all κ > 0, the operator, Pκ : C
∞
bdd(R× Sd)→ C∞bdd(R× Sd), is defined by
Pκ := κ
4Dt − 1
d
(d+∆) . (17)
It follows from the classical theory of parabolic operators that Pκ defines an invertible map
from Cˆ∞bdd(R× Sd) to itself. Let Qκ denote its inverse. Observe, furthermore, that, for all
k 6= 1, both Pκ and Qκ restrict to linear isomorphisms of C∞bdd(R, Hˆk).
Formal solutions of the forced mean curvature flow equation are now obtained in
a straightforward manner. Oddly, the coefficients of the asymptotic series of X and φ
actually depend on κ, although, as we will show presently, they are nonetheless uniformly
bounded in every norm.
Lemma 4.2.1
There exist unique formal series, X ∼ ∑∞i=0 κiXi,κ in Ker(L)⊥, and φ ∼ ∑∞i=0 κiφi,κ in
Cˆ∞bdd(R× Sd), formally solving
Φ(κ, J1X(x), J1inφ(t, x)) ∼ 0.
Furthermore, for all i, there exists ki such that φi is an element of C
∞
bdd(R, Hˆki).
Proof: Suppose, by induction, that X0,κ, ..., Xi,κ and φ0,κ, ..., φi,κ have been constructed.
In particular, the orthogonal projections onto Hˆ of terms in the series (15) of order up to
and including (i+1) in κ all vanish. Likewise, the orthogonal projections onto H1 of terms
in this series of order up to and including (i+ 3) in κ also all vanish. Define
φi+1,κ := −Qκ (〈∇f(p), Xi,κ〉+Hess(f)(p)(Xi−1,κ, X0,κ)
+ Π⊥1 Ψi(Dtγ, x, J
1
tX0,κ, ..., J
1
tXi−2,κ,
κ4Dtφ0,κ, ..., κ
4Dtφi−1,κ, J
2
xφ0,κ, ..., J
2
xφi−1,κ)
)
.
(18)
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In particular, since Ψi is a polynomial in all but the first variable, it follows by the inductive
hypothesis that φi+1,κ is an element of C
∞
bdd(R, Hˆki+1), for some ki+1 independent of κ.
Define
Xi+1,κ := −L
(
Π1Ψi(Drγ, x, J
1
tX0,κ, ..., J
1
tXi,κ,
κ4Dtφ0,κ, ..., κ
4Dtφi+1,κ, J
2
xφ0,κ, ..., J
2
xφi+1,κ)
)
.
(19)
With φi+1,κ defined as above, the orthogonal projection onto Hˆ of the term in the series
(15) of order (i+ 2) in κ vanishes. Likewise, with Xi+1,κ defined as above, the orthogonal
projection ontoH1 of the term in this series of order (i+4) in κ also vanishes. Furthermore,
by definition of Qκ and L, φi+1,κ and Xi+1,κ are the only functions with these properties,
and the result now follows. 
4.3 - The κ-dependent rescaled time variable. Consider a finite-dimensional vector
space, E, and a linear operator, M : C1bdd(R, E)→ C0bdd(R, E), of the form
Mf = Dtf +A(t)f,
where A : R → End(E) is a smooth function whose derivatives to all orders are bounded,
and such that
Lim
t→±∞
A(t) = A±,
for some invertible operators A±. These hypotheses imply thatM is of Fredholm type (c.f.
[17]). Furthermore, all derivatives of all elements of its kernel decay exponentially at plus-
and minus- infinity, and, in particular, the L2-orthogonal projection, Π, from C0bdd(R, E)
onto this kernel is well-defined. Let ‖ · ‖0 denote the uniform norm over C0bdd(R, E).
Straightforward integral estimates yield
Lemma 4.3.1
There exists a constant, B > 0, such that, for all f ∈ C1bdd(R, E),
‖f‖0, ‖Dtf‖0 ≤ B (‖Mf‖0 + ‖Πf‖0) .
As can be seen from (16) and (17), different components of the flow, Φ(κ,X, φ),
evolve at different rates, depending on the parameter, κ. For this reason, it will be useful
to introduce the κ-dependent, rescaled time variable, s := κ−4t, so that the operator
of differentiation with respect to s will then be given by Ds := κ
4Dt.
For all α ∈]0, 1], the κ-dependent Ho¨lder difference operator of order α will be
given by
δαs f(t) := Sup
|h|≤1
∣∣f(t+ κ4h)− f(t)∣∣
hα
.
Likewise, for all (k, α), the κ-dependent Ho¨lder norm of order (k, α) will be given by
‖f‖k,α,κ :=
k∑
i=0
‖Disf‖0 + ‖δαsDksf‖0.
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Finally, the Ho¨lder space of order (k, α) will be defined by
Ck,α(R, E) :=
{
f ∈ Ck(R, E) | ‖f‖k,α,κ <∞
}
.
Observe that, for any given (k, α), the κ-dependent Ho¨lder norms of order (k, α) are all
pairwise uniformly equivalent, so that the space, Ck,α(R, E), defined as above, is indeed
independent of κ.
An important fact to be used in the sequel is that the norm of the Green’s operator
of M is actually uniformly bounded, independent of the parameter, κ. Indeed,
Lemma 4.3.2
For all (k, α), there exists B > 0 such that, for all κ ∈]0, 1], and for all f ∈ Ck+1,α(R, E),
‖f‖k,α,κ, ‖Dtf‖k,α,κ ≤ B (‖Mf‖k,α,κ + ‖Πf‖0) .
Proof: Observe that, for all (k, α), there exists Bk,α > 0 such that, for all κ ∈]0, 1],
‖δαsDksA‖0 ≤ Bk,ακ4(k+α) ≤ Bk,α. (20)
Let h1, ..., hm be an L
2-orthonormal basis of Ker(M). Recall (c.f. [17]), that, for all i, and
for all k, Dkt hi decays exponentially at plus- and minus- infinity, so that, upon increasing
Bk,α if necessary, we may suppose that,∫
R
‖δαsDkshi‖dt ≤ Bk,ακ4(k+α) ≤ Bk,α. (21)
Now suppose, by induction, that the result holds for all 0 ≤ k ≤ l. Then,
‖Dl+1s f‖0 ≤ ‖MDsf‖l,α,κ + ‖ΠDsf‖0.
However,
MDsf = DsMf + (DsA)f,
so that, by (20), and the inductive hypothesis,
‖MDsf‖l,α,κ ≤ B1 (‖DsMf‖l,α,κ + ‖f‖l,α,κ)
≤ B2 (‖Mf‖l+1,α,κ + ‖Π(f)‖0) ,
for some constants, B1, B2 > 0. Likewise, by (21), and the inductive hypothesis again, for
all i, ∣∣∣∣
∫
R
(Dsf)hidt
∣∣∣∣ =
∣∣∣∣
∫
R
f(Dshi)dt
∣∣∣∣
≤ B3‖f‖0
≤ B4 (‖Mf‖l+1,α,κ + ‖Π(f)‖0) ,
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for some constants, B3, B4 > 0. Upon combining these relations, it follows that
‖Dl+1s f‖0 ≤ B5 (‖Mf‖l+1,α,κ + ‖Πf‖0) ,
for some constant, B5 > 0. Furthermore, using (20) and the inductive hypothesis once
again,
‖DtDl+1s f‖0 = ‖Dl+1s Dtf‖0
≤ ‖Dl+1s Mf‖0 + ‖Dl+1s Af‖0
≤ B6 (‖Mf‖l+1,α,κ + ‖Πf‖0) ,
for some constant, B6 > 0. The estimates for δ
α
sD
l+1
s f and δ
α
sD
l+1
s Dtf are obtained in a
similar manner, and the result now follows by induction. 
It will also be useful to introduce κ-dependent Ho¨lder norms for spaces of functions
defined over R×Sd. Thus, given α ∈]0, 1], the κ-dependent Ho¨lder difference operators
of order α are given by
δαx f(t, x) := Sup
y 6=x
|f(t, y)− f(t, x)|
‖x− y‖α , and
δαs f(t, x) := Sup
|h|≤1
∣∣f(t+ κ4h, x)− f(t, x)∣∣
hα
.
For all k ∈ N, Ckin(R × Sd) will denote the space of all functions, f : R × Sd → R which
are continuously differentiable i times in the x direction and j times in the t direction for
all i + 2j ≤ 2k. For all k ∈ N and for all α ∈]0, 1/2], the κ-dependent inhomogeneous
Ho¨lder norm of order (k, α) over Ckin(R× Sm) will be defined by
‖f‖k,α,κ,in :=
∑
i+2j≤2k
‖DixDjsf‖0 +
∑
i+2j=2k
‖δ2αx DixDjsf‖0 +
∑
i+2j=2k
‖δαsDixDjsf‖0.
For all (k, α), the inhomogeneous Ho¨lder space of order (k, α) will be defined by
Ck,αin (R× Sd) :=
{
f ∈ Ckin(R× Sd) | ‖f‖k,α,κ,in <∞
}
.
As before, for any given (k, α), the κ-dependent inhomogeneous Ho¨lder norms of order
(k, α) are all pairwise uniformly equivalent, so that the space, Ck,αin (R × Sd), as defined
above, is indeed independent of κ.
Uniform estimates for the formal solutions constructed in the preceeding section now
follow.
Lemma 4.3.3
For all (k, α), and for all i, there exists Bk,α,i > 0 such that, for all κ ∈]0, 1],
‖Xi,κ‖k,α,κ ≤ Bk,α,i, and
‖φi,κ‖k,α,κ,in ≤ Bk,α,i.
29
Eternal forced mean curvature flows III - Morse homology
Proof: Indeed, suppose, by induction, that the result holds for all i ≤ j. Recall that
composition by a given smooth function defines smooth maps between Ho¨lder spaces which
send bounded sets to bounded sets. Thus, since Ψj is itself a smooth function defined over
some finite-dimensional manifold, it follows by (18), (19) and the inductive hypothesis that
‖Pκφj+1,κ‖k,α,κ,in ≤ Bk,α,j+1, and
‖LXj+1,κ‖k,α,κ ≤ Bk,α,j+1,
for some constant, Bk,α,j+1 > 0. The estimate for Xj+1,κ now follows by Lemma 4.3.2.
However, for all κ, Pκ = Ds− 1d(d+∆), so that the norm of the operator, Qκ, with respect
to the κ-dependent Ho¨lder norms, ‖ · ‖k,α,κ,in and ‖ · ‖k+1,α,κ,in, is actually independent of
κ. The estimate for φj+1,κ therefore follows, and this completes the proof. 
4.4 - Exact solutions. Consider now the map Ψˆκ : C
k+1,α(R,Rd+1)×Cˆk+1,αin (R×Sd)→
Ck,αin (R× Sd) given by
Ψˆκ(X, φ)(t, x) :=
1
κ
Ψ(κ, J1X(t), J1inφ(t, x)).
Since Ψˆκ is constructed via a combination of differentiation and composition by smooth
functions, it defines a smooth map between Ho¨lder spaces. Recall that, as outlined in
Section 4.2, for all (k, α), the space Ck,αin (R× Sd) naturally decomposes as the direct sum
Ck,αin (R× Sd) = Ck,α(R,Rd+1)⊕ Cˆk,αin (R× Sd).
With respect to this decomposition, the linear isomorphism Tκ : C
k,α
in (R×Sd)→ Ck,αin (R×
Sd) is defined by
Tκ :=
(
κ−2Id
Id
)
.
Using this operator, uniform a-priori bounds for the inverse of the derivative of Ψˆ are
obtained.
Lemma 4.4.1
For all (k, α), and for all R > 0, there exists B > 0 such that, for sufficiently small κ,
and for all ‖X‖k+1,α,κ + ‖φ‖k+1,α,κ,in < R, the operator, TκDΨˆκ(X, φ), defines a linear
isomorphism from Ck+1,α(R,Rd+1)× Cˆk+1,αin (R× Sd) into Ck,αin (R× Sd), such that∥∥∥∥[TκDΨˆκ(X, φ)]−1
∥∥∥∥ ≤ B.
Proof: Indeed, consider first the separate components of the derivative of Ψˆκ. By (10),
the derivative of κ−2H(κ2J2xφ) is given by
κ−2DH(κ2J2xφ)ψ = −
1
d
(d+∆)ψ + κ2N1J
2
xψ,
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where N1 is a multiplication operator of norm bounded in terms of R. By (11), the
derivative of N(κ2J1xφ) is given by
DN(κ2J1xφ)ψ = κ
2N2J
1
xψ,
where N2 is a multiplication operator of norm bounded in terms of R. Thus
κD〈DtΦκ(X, φ), N(κ2J1xφ)〉(Y, ψ) = κ2〈DtY, x〉+ κ4Dtψ
+ κ2N3(Dsψ) + κ
4N4J
1
xψ + κ
4N5DtY,
where N3, N4 andN5 are multiplication operators of norms bounded in terms of R. Finally,
the derivative of 1κF (Φκ(X, φ)) is given by
1
κ
DF (Φκ(X, φ)) = −κ〈∇f(γ(t)), Y 〉 − κ2〈Hess(f)(γ(t))Y, x〉
− κ2〈Hess(γ(t))Y,X〉+ κ3N6Y + κ3N7ψ,
where N6 and N7 are multiplication operators of norms bounded in terms of R. Combining
these relations, it follows that, with respect to the above decomposition of Ck,αin (R× Sd),
the derivative, DΨˆκ(X, φ), satisfies
TκDΨˆκ(X, φ) =
(
L M1
Pκ
)
+
(
κM2 κM3
κM4 κ
2M5
)
,
where, for all 1 ≤ i ≤ 5, the linear operator, Mi, satisfies
‖Mi‖ ≤ B,
for some constant, B > 0, which only depends on R. The result now follows by Lemma
4.3.2 and the fact that the norm of Qκ with respect to the κ-dependent Ho¨lder norms,
‖ · ‖k,α,κ,in and ‖ · ‖k+1,α,κ,in, is independent of κ. 
Consider now a Banach space, E. Given a formal power series,
∑∞
i=0 κ
ifi,κ, taking
values in E, and a function, f :]0, ǫ[→ E, the expression
f ∼
∞∑
i=0
κifi,κ
will mean that for all m ≥ 0, there exists a constant, Bm, such that, for all κ ∈]0, 1],∥∥∥∥∥f −
m∑
i=0
κifi,κ
∥∥∥∥∥ ≤ Bmκm+1.
The series,
∑∞
i=0 κ
ifi,κ, will be called the norm-asymptotic series of the function, f ,
whenever this holds.
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Theorem 4.4.2
For sufficiently small ǫ > 0, there exist functions X :]0, ǫ[→ Ck+1,α(R,Rd+1) and φ :]0, ǫ[→
Cˆk+1,αin (R× Sd) such that
X ∼
∞∑
i=0
κiXi,κ,
φ ∼
∞∑
i=0
κiφi,κ.
and
Ψ(κ,Xκ, φκ) = 0.
Furthermore, X and φ are unique in the sense that, if X ′ :]0, ǫ[→ Ck+1,α(R,Rd+1) and
φ′ :]0, 1[→ Ck+1,αin (R×Sd) are other functions with the same properties then, for sufficiently
small κ, X(κ) = X ′(κ), and φ(κ) = φ′(κ).
Remark: In particular, for sufficiently small κ, the eternal forced mean curvature flows
constructed in Theorem 4.4.2 are all admissable, of bounded type, and even non-degenerate,
in the sense that their linearised mean curvature flow operators are surjective.
Proof: Let m be a positive integer and define
X˜m,κ :=
m∑
i=0
κiXi,κ, and
φ˜m,κ :=
m∑
i=0
κiφi,κ.
Consider the asymptotic formula, (15), for Ψ, substituting Xi = Xi,κ and φi = φi,κ for
0 ≤ i ≤ m, and Xi = 0 and φi = 0 for i > m. By definition of the formal series
∑∞
i=0 κ
iXi,κ
and
∑∞
i=0 κ
iφi,κ, there exist smooth functions R1,m and R2,m such that
ΠΨˆκ(X˜m,κ, φ˜m,κ) = κ
m+3Π
(
R1,m(γ,Dtγ, x, J
1X0,κ(t), ..., J
1Xm,κ(t),
κ4Dtφ0,κ(t, x), ..., κ
4Dtφm,κ(t, x),
J2xφ0,κ(t, x), ..., J
2
xφm,κ(t, x))
)
, and
Π⊥Ψˆκ(X˜m,κ, φ˜m,κ) = κ
m+1Π⊥
(
R2,m(γ,Dtγ, x, J
1X0,κ(t), ..., J
1Xm,κ(t),
κ4Dtφ0,κ(t, x), ..., κ
4Dtφm,κ(t, x),
J2xφ0,κ(t, x), ..., J
2
xφm,κ(t, x))
)
.
Recall again that composition by a given smooth function defines smooth maps between
Ho¨lder spaces which send bounded sets to bounded sets. Thus, since R1,m and R2,m are
themselves smooth functions defined over finite-dimensional manifolds, it follows by the
uniform bounds obtained in Lemma 4.3.3 that there exists a positive constant, Bm, such
that, for all κ,
‖TκΨˆκ(X˜m,κ, φ˜m,κ)‖0,α,in,κ ≤ Bmκm+1,
and the result now follows by the implicit function theorem (c.f. [15]). 
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5 - Conentration.
5.1 - Another κ-dependent rescaled time variable. It remains to prove the converse
of Theorem 4.4.2. Thus, let Fκ, Fκ and Eκ(T d+1) be defined as in Section 1.3, and, for all
small κ, let [eκ,t] : R → Eκ(T d+1) be an admissable, eternal forced mean curvature flow
of bounded type with forcing term Fκ. Given κ > 0, a smooth curve, γ :]a, b[→ Rd+1,
and a smooth function, ψ ∈ Cˆ∞(]a, b[×Sd), consider the family of embeddings, Φ˜(κ, γ, ψ) :
]a, b[×Sd → Rd+1, defined by
Φ˜(κ, γ, ψ)(r, x) := γ(r) + κ(1 + ψ(r, x))x. (22)
It turns out that the time variable denoted here by r actually lies on a scale intermediate
between those of t and s. We therefore denote t := κ2r, and s := κ−2r, so that Dt = κ
−2Dr
and Ds = κ
2Dr. However, we continue to use the κ-dependent Ho¨lder norms, ‖ · ‖k,α,κ
and ‖ · ‖k,α,κ,in, which were defined in Section 4.3 using the operators Ds and δαs .
Lemma 5.1.1
There exists κ0 > 0 with the property that for all κ < κ0, there exists a unique smooth
curve, γκ : R→ Td+1, and a unique smooth function, ψκ ∈ Cˆ∞(R× Sd), such that
[eκ,r] = [Φ˜(κ, γκ, ψκ)].
Furthermore, for all (k, α),
κ−1‖Dsγκ‖k,α,κ → 0, and
‖ψκ‖k,α,κ,in → 0,
as κ tends to 0.
Proof: We identify the flow, [eκ,r], with its lifting in R
d+1. For κ > 0 and rκ ∈ R, define
the flow, [e˜κ,s], by
e˜κ,s(x) := κ(eκ,κ2s+rκ(x)− xκ),
where xκ is some interior point of [eκ,rκ ]. Observe that this is an admissable, eternal forced
mean curvature flow of bounded type with forcing term
1− κ2f(xκ + κ−1x).
By the compactness result of Theorem 1.3.2, there exists [e˜0,s] towards which [e˜κ,s] sub-
converges in the Ckloc-sense for all k as κ tends to 0. Furthermore, [e˜0,s] is an admissable,
eternal forced mean curvature flow of bounded type with constant forcing term 1, so that,
by the Hopf Theorem for flows (Theorem 3.1.4), it coincides up to translation with the
constant flow
e˜0,s(x) = x.
Since this limit is unique, it follows that, up to translation, the entire family, ([e˜κ,s])κ>0,
converges in the Ckloc-sense for all k to [e˜0,s]. By the implicit function theorem, there
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therefore exists, for all sufficiently small κ, a unique curve, γ˜κ :] − 1, 1[→ Rd+1, and a
unique smooth function, ψ˜κ ∈ Cˆ∞(]− 1, 1[×Sd), such that
[e˜κ,s]|]−1,1[ = [γ˜κ(s) + (1 + ψ˜κ(s, x))x].
Furthermore, for all (k, α),
‖Dsγ˜κ‖k,α,κ → 0 and
‖ψ˜κ‖k,α,κ,in → 0,
as κ tends to 0. Rescaling and projecting down to the torus yields a curve γκ :]rκ−κ2, rκ+
κ2[→ T d+1 and a smooth function, ψκ ∈ Cˆ∞(]rκ − κ2, rκ + κ2[×Sd), such that
[eκ]|]rκ−κ2,rκ+κ2[ = [γκ(r) + κ(1 + ψκ(r, x))x].
Furthermore, for all (k, α),
κ−1‖Dsγκ‖k,α,κ → 0, and
‖ψκ‖k,α,κ,in → 0,
as κ tends to 0. Finally, since the family (rκ)κ>0 is arbitrary, this convergence is uniform
over R× Sd, and the result follows. 
5.2 - Bootstrapping. Consider the function, Ψ˜ :]0,∞[×J → R, defined such that, for
all κ ∈]0,∞[, for all smooth functions, γ : R → T d+1 and ψ : R × Sd → R, and for any
point (r, x) ∈ R× Sd,
Ψ˜(κ, J1t γ(r), J
2
inψ(r, x)) := 〈DrΦ˜(κ, γ, φ), N(J1xψ(r, x))〉
+
1
κ
H(J2xψ(r, x))− Fκ(Φ˜(κ, γ, ψ(r, x)).
(23)
As before, Ψ˜ is a smooth function defined over the finite-dimensional manifold, ]0,∞[×J1.
Likewise, by (5), Ψ˜ has been constructed precisely so that, given κ > 0, and smooth
functions, γ : R → T d+1 and φ : R × Sd → R, the family, Φ˜(κ,X, ψ), is an eternal forced
mean curvature flow with forcing term Fκ if and only if Ψ˜(κ, J
1γ, J1inψ) vanishes at every
point, (r, x), of R× Sd.
Lemma 5.2.1
For all (k, α), there exists Bk,α > 0 such that, for all κ ∈]0, 1],
‖Drγκ + κ2∇f(γκ(r))‖k,α,κ ≤ Bk,ακ3, and
‖ψκ‖k,α,κ,in ≤ Bk,ακ2.
Proof: By (10), (11) and (23),
Ψ˜ =
1
κ2
〈Dsγκ, x〉 − 1
κ2
〈Dsγκ,∇ψκ〉+ 1
κ2
〈Dsγ − κ,R1(x, J1xψκ)〉
+
1
κ
Dsψκ − 1
dκ
(d+∆)ψκ +
1
κ
R2(x,Dsψκ, J
2
xψκ)
+ κf(γκ) + κ
2〈∇f(γκ), x〉+ κ2ψκ〈∇f(γκ), x〉+ κ3R3(κ, x, γκ, ψκ),
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where R1, R2 and R3 are smooth functions of their arguments and R1, R2 are of order at
least 2 in (Dsψκ, J
2
xψκ). Projecting onto H⊥1 yields
Dsψκ + 〈κ−1Dsγκ,∇ψκ〉+ 1
d
(d+∆)ψκ = Π
⊥R4(x, κ
−1Dsγκ, Dsψκ, J
2
sψκ)
+ κ2Π⊥R5(κ, x, γκ, ψκ),
where R4 and R5 are smooth functions of their arguments and R4 is of order at least 2
in (Dsψκ, J
2
xψκ). Since the operator Ds +
1
d(d+∆) maps Cˆ
k+1,α(R× Sd) invertibly onto
Cˆk,α(R × Sd), it follows from the estimates already obtained for Dsγκ that the operator
on the left hand side is uniformly bounded below for sufficiently small κ. For all (k, α),
there therefore exists B > 0 such that
‖ψκ‖k,α,κ,in ≤ B‖ψκ‖2k,α,κ,in +Bκ2,
and since ‖ψκ‖k,α,κ,in tends to 0 as κ tends to 0, the second assertion now follows. Pro-
jecting onto H1 now yields
(Id +M(J1xψκ))Dtγκ + κ
2∇f(γκ) = 1
κ
ΠR6(x,Dsψκ, J
2
xψκ) + κ
2ΠR7(x, J
0
xψκ)
+ κ3ΠR8(κ, x, γκ, ψκ),
where M , R6, R7 and R8 are smooth functions of their arguments, R6 has order at least
2 in (Dsψκ, J
2
xψκ) and M and R7 have order 1 in Jxφ, and the first assertion now follows
by the bounds obtained on ψκ. 
5.3 - Recovering the Flow. It follows from Theorem 1.3.4 that, as κ tends to 0, the two
end-points of the flow, [eκ,t], collapse onto critical points of f . In fact (c.f. [18] and [25]),
for sufficiently small κ, they coincide with those Alexandrov-embeddings constructed via
the elliptic analogue of Theorem 4.4.2. We now show that the entire flow in fact collapses
onto a complete gradient flow of f as the parameter, κ, tends to 0.
Lemma 5.3.1
Let M be a compact manifold. If f : M → R is of Morse-Smale type, then there exists
C > 0 with the following property. If ǫ > 0 and if γ : R→M is a C1 curve such that
Sup
t
‖γ˙(t) +∇f(γ(t))‖ < ǫ,
LimSup
t→−∞
d(γ(t), p−) < ǫ, and
LimSup
t→+∞
d(γ(t), p+) < ǫ,
where p− and p+ are critical points of f and if
Index(p−)− Index(p+) = 1,
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then there exists a complete integral curve γ0 : R→M of −∇f such that
Lim
t→−∞
γ0(t) = p−,
Lim
t→+∞
γ0(t) = p+,
Sup
t
‖γ(t)− γ0(t)‖ < Cǫ, and∫ +∞
−∞
〈γ˙0, γ(t)− γ0(t)〉dt = 0.
Remark: Since F is of Morse-Smale type, γ˙0, decays exponentially at ±∞, so that the
above integral is always well-defined.
Proof: We first show that for all δ > 0 there exists ǫ0 such that for ǫ < ǫ0, there exists a
complete integral curve, γ0 : R→M , of −∇f such that
Lim
t→−∞
γ0(t) = p−,
Lim
t→+∞
γ0(t) = p+, and
Sup
t
‖γ(t)− γ0(t)‖ < δ.
Indeed, choose δ > 0. By non-degeneracy and compactness, we may suppose that if p is
a critical point of f and if η : [0,∞[→M is a gradient flow of f starting at some point of
∂B2δ(p), then
η([0,∞[)∩B3δ(q) = ∅
for every other critical point, q, of f such that Index(q) ≥ Index(p). For every critical
point, p, of f , let S2δ(p) be the intersection of the stable manifold of p with ∂B2δ(p). By
compactness again, for all δ′ > 0, there exists T > 0 such that if η : [0,∞[→ M is a
gradient flow of f starting at some point of ∂B2δ(p) such that
d(η(0), S2δ(p)) > δ
′,
then
η([0, T ])∩Bδ(q) 6= ∅,
for some other critical point q of f , which, in particular, has Morse index strictly less than
that of p. However, for sufficiently small ǫ, if γ(t0) ∈ ∂B2δ(p) is such that γ˙(t0) points
outward from B2δ(p) or is tangent to ∂B2δ(p), then, on the one hand, d(γ(t0), S2δ(p)) > δ
′,
and, on the other,
d(η(t), γ(t)) < δ ∀ t0 ≤ t ≤ t+ T,
where η is the gradient flow of f such that η(t0) = γ(t0). Consequently, if γ leaves B2δ(p),
then, after a time at most T , it must enter B2δ(q) for some critical point, q, of f of Morse
index strictly less than that of p, after which it cannot return to B2δ(p).
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For ǫ sufficiently small, γ starts inside B2δ(p−). By the above discussion, within a
time at most T after leaving B2δ(p−), the curve, γ, enters B2δ(p+) from which it does not
leave. Furthermore, there exists a gradient flow η of f from some point of B2δ(p−) to some
point of B2δ(p+) from which γ remains at a distance of at most δ as it travels between
these two balls. This proves the assertion.
Now define X := γ(t)− γ0(t). In particular,
‖X‖C0 < δ.
Since f is of Morse-Smale type, the operator L := ∂t − Hess(f)(γ(t)) is Fredholm and
surjective. Furthermore, since Index(p−) − Index(p+) = 1, by the Atiyah-Patodi-Singer
index theorem, its kernel is 1-dimensional and is spanned by γ˙0. Observe that, upon
replacing γ0(t) with γ0(s+ t) for a suitable value of s, we may suppose that∫ +∞
−∞
〈γ˙0(t), X(t)〉dt = 0,
so that X is an element of the orthogonal complement of the kernel of P . However,
‖LX‖0 = ‖X˙(t)− Hess(f)(γ0(t))X(t)‖0
= ‖γ˙(t)− γ˙0(t)−Hess(f)(γ0(t))X(t)‖0
≤ ǫ+ ‖∇f(γ(t))−∇f(γ0(t))− Hess(f)(γ0(t))X(t)‖0
≤ ǫ+B1‖X(t)‖20,
for some constant B1, and since the restriction of L to the orthogonal complement of γ˙0
is invertible,
‖X˙ − Hess(f)(γ(t))X‖0 ≥ 1
B2
‖X‖0,
for a suitable constant B2. Combining these relations yields
‖X‖0 (1−B1B2‖X‖0) ≤ B2ǫ,
and since ‖X‖0 < δ, the result follows. 
5.4 - Asymptotic series. Finally, recall the function, Ψ, defined in Section 4.1. It
follows from Lemmas 5.2.1 and 5.3.1 that for all sufficiently small κ, there exists Xκ ∈
C∞bdd(R,R
d+1) and φκ ∈ Cˆ∞bdd(R× Sd) such that
[eκ,t] = Ψ(κ,Xκ, φκ).
Furthermore, for all (k, α), there exists Bk,α > 0 such that, for all κ ∈]0, 1],
‖Xκ‖k,α,κ ≤ Bk,α,
‖DtXκ‖k,α,κ ≤ Bk,α, and
‖φκ‖k,α,κ,in ≤ Bk,α.
Consider now the formal solutions,
∑∞
k=0 κ
kXm,κ and
∑∞
k=0 κ
kφm,κ, constructed in Lemma
4.2.1.
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Lemma 5.4.1
The family (Xκ, φκ) satisfies
Xκ ∼
∞∑
k=0
κkXk,κ, and
φκ ∼
∞∑
k=0
κkφk,κ.
Proof: This is proven by induction. Indeed, denote
X˜κ := κ
−(m+1)
(
Xκ −
m∑
k=0
κkXk,κ
)
, and
φ˜κ := κ
−(m+1)
(
φκ −
m∑
k=0
κkφk,κ
)
.
Suppose, by induction, that, for all (k, α), there exists Bk,α such that, for all κ ∈]0, 1],
‖X˜κ‖k,α,κ ≤ Bk,α,
‖DtX˜κ‖k,α,κ ≤ Bk,α, and
‖φ˜κ‖k,α,κ ≤ Bk,α.
Consider the asymptotic formula, (15), for Ψ, substituting Xk = Xk,κ, for 0 ≤ k ≤ m,
Xm+1 = X˜κ, and Xk = 0, for k ≥ m + 2; and substituting φk = φk,κ, for 0 ≤ k ≤ m,
φm+1 = φ˜κ and φk = 0, for k ≥ m+2. Projecting the (m+2)’nd order term orthogonally
onto Hˆ, we see that there exists a smooth function, R1, such that
Pκφ˜κ = −〈∇f(γ(t)), Xm,κ〉 − 〈Hess(f)(γ(t))Xm−1,κ, X0,κ〉
− Π⊥(Ψm+1(γ,Dtγ, x, J1tX0,κ, ..., J1tXm−2,κ,
κ4Dtφ0,κ, ..., κ
4Dtφm−1,κ, J
2
xφ0,κ, ..., J
2
xφm−1,κ)
)
− κΠ⊥(R1(γ,Dtγ, x, J1tX0,κ, ..., J1tXm,κ, J1t X˜κ
κ4Dtφ0,κ, ..., κ
4Dtφm,κ, κ
4Dtφ˜κ, J
2
xφ0,κ, ..., J
2
xφm,κ, J
2
xφ˜κ)
)
.
However, for all (k, α), the operator Pκ defines an invertible linear map from Cˆ
k+1,α
in (R×Sd)
into Cˆk,αin (R×Sd). It therefore follows from the definition, (18), of φk+1,κ that there exists
a constant, B > 0, such that, for all κ ∈]0, 1],
‖φ˜κ − φk+1,κ‖k,α,κ ≤ Bκ.
Denote now
φ˜′κ := κ
−1
(
φ˜κ − φk+1,κ
)
.
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Consider again the asymptotic formula, (15), for Ψ, substituting again Xk = Xk,κ, for
0 ≤ k ≤ m, Xm+1 = X˜κ and Xk = 0, for k ≥ m+ 2; but substituting this time φk = φk,κ,
for 0 ≤ k ≤ m+1, φm+2 = φ˜′κ and φk = 0, for k ≥ m+3. Projecting the (m+4)’th order
term orthogonally onto H1, we see that there exists a smooth function, R2, such that
LX˜ = −Π(Ψm+1(γ,Dtγ, x, J1tX0,κ, ..., J1tXm,κ,
κ4Dtφ0,κ, ..., κ
4Dtφm+1,κ, J
2
xφ0,κ, ..., J
2
xφm+1,κ)
)
− κΠ(R2(γ,Dtγ, x, J1tX0,κ, ..., J1tXm,κ, J1t X˜κ
κ4Dtφ0,κ, ..., κ
4Dtφm+1,κ, κ
4Dtφ˜
′
κ, J
2
xφ0,κ, ..., J
2
xφm+1,κ, J
2
xφ˜
′
κ)
)
,
However, by Lemma 4.3.2, for all (k, α), the norm of K is uniformly bounded independent
of κ ∈]0, 1]. It therefore follows by the definition, (19), of Xk+1,κ that there exists a
constant, B > 0, such that
‖X˜ −Xk+1,κ‖k,α ≤ Bκ.
The result now follows by induction. 
A - The weakly smooth ategory.
Let M be a (d + 1)-dimensional riemannian manifold, and let E(M) be defined as
in the introduction. Charts of E(M) are constructed as follows. For [e] ∈ E(M), let
Ne : S
d → TM denote the unit, normal vector field over e which is compatible with the
orientation, and consider the map, Ee : S
d × R→M , given by
Ee(x, t) := Expe(x)(tNe(x)),
where Exp is the exponential map of M . Let ǫe > 0 be such that the restriction of Ee to
Sd×] − ǫe, ǫe[ is an immersion (c.f. Proposition 3.2 of [11]), and define the open subset,
Ue, of C∞(Sd) and the mapping Φˆe : Ee → C∞(Sd,M) by
Ue := {φ ∈ C∞(Σ) | ‖φ‖C0 < ǫe} , and
Φˆe(φ)(x) := Ee(x, φ(x)).
Upon reducing ǫe if necessary, we may suppose that Φˆe(φ) is an Alexandrov-embedding for
all φ ∈ Ue so that Φˆe projects down to a mapping, Φe, which is in fact a homeomorphism
from Ue into an open subset, Ve, of E(M) (c.f. Propositions 3.3 and 3.4 of [11]). The
triplet (Φe,Ue,Ve) is called the graph chart of E(M) about e. The set of all graph charts
consitutes an atlas of E(M) all of whose transition maps are homeomorphisms, thereby
furnishing E(M) with the structure of a topological manifold modelled on C∞(Sd).
This atlas in fact furnishes E(M) with the structure of a smooth-tame Frechet manifold
(c.f. [8] for a splendid introduction to this theory). However, since this framework is highly
technical, we prefer to avoid it whenever possible. It is for this reason that we introduce
the following formalism of weakly smooth manifolds which, despite its simplicity, possesses
all the structure required for the development of the formal parts of the theory. Thus,
consider first an open subset, U , of C∞(Sd). Given a finite-dimensional manifold, X , and
39
Eternal forced mean curvature flows III - Morse homology
a function, c : X → U , the function, c˜ : X × Sd → M , is defined by c˜(x, y) := c(x)(y).
The function, c, is then said to be strongly smooth whenever the function, c˜, is smooth.
Now consider another open subset, U ′, of C∞(Sd). A function, Φ : U → U ′, is said to be
weakly smooth whenever composition by Φ sends strongly smooth functions continuously
into strongly smooth functions. Observe, in particular, that every weakly smooth function
is also continuous. It is now a straightforward matter to show that the transition maps
between graph charts of E(M) are weakly smooth, so that E(M) carries the structure of
a weakly smooth manifold. In particular, a function c : X → E(M) is now said to be
strongly smooth whenever it is strongly smooth in every graph chart.
The formalism of weakly smooth manifolds possesses considerable structure. For ex-
ample, tangent vectors are well-defined, as is the tangent bundle, which is also a weakly
smooth manifold, and so on. The main important result not admitted by this formalism
is the inverse function theorem. However, this presents no problem in the present context,
since ellipticity and hypo-ellipticity allow us to work locally in every graph chart as if it
were a Ho¨lder space, where the inverse function theorem for Banach manifolds can then
be applied. For a more thorough discussion, we refer the reader to [14].
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